GREEN'S FORMULA WITH C*-ACTION AND 
CALDERO-KELLER'S FORMULA FOR CLUSTER ALGEBRAS 
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Abstract. It is known that Green's formula over finite fields gives rise to the 
comultiplications of Ringel-Hall algebras and quantum groups (see |Gre| . see 
also |Lu) V In this paper, we prove a projective version of Green's formula in a 
geometric way. Then following the method of Hubery in |Hu2) . we apply this 
formula to proving Caldero-Keller's multiplication formula for acyclic cluster 
algebras of arbitrary type. 

1. Introduction 

1.1. Green in [Gre] found a homological counting formula for hereditary abelian 
categories over finite fields. It leads to the comultiplication formula for Ringel-Hall 
algebras, and as a generalization of the result of Ringel in |Rinlj . it gives a real- 
ization of the positive part of the quantized enveloping algebra for arbitrary type 
symmetrizable Kac- Moody algebra. In [DXX| . we gave Green's formula over the 
complex numbers C via Euler characteristic and applied it to realizing comultipli- 
cation of the universal enveloping algebra. However, one should notice that many 
nonzero terms in the original formula vanish when we consider it over the com- 
plex numbers C. In the following, we show that the geometric correspondence in 
the proof of Green's formula admits a canonical C*-action. Then we obtain a new 
formula, which can be regarded as the projective version of Green's formula. 

Our motivation comes from cluster algebras. Cluster algebras were introduced 
by Fomin and Zelevinsky |FZj . In [BMRRT] , the authors categorified a lot of clus- 
ter algebras by defining and studying the cluster categories related to clusters and 
seeds. Under the framework of cluster categories, Caldero and Keller realized the 
acyclic cluster algebras of simply-laced finite type by proving a cluster multipli- 
cation theorem [CKJ. At the same time, Hubery researched on realizing acyclic 
cluster algebras (including non simply-laced case) via Ringel-Hall algebras for val- 
ued graphs over finite fields |Hu2j . He counted the corresponding Hall numbers and 
then deduced the Caldero-Keller multiplication when evaluating at g = 1 where q 
is the order of the finite field. It seems that his method only works for the case of 
tame hereditary algebras [Hu3| , due to the difficulty of the existence of Hall poly- 
nomials. In this paper, we realize that the whole thing is independent of that over 
finite fields. By counting the Euler characteristics of the corresponding varieties 
and constructible sets with pushforward functors and geometric quotients, we show 
that the projective version of Green's theorem and the "higher order" associativity 
of Hall multiplication imply that Caldero-Keller's multiplication formula holds for 
acyclic cluster algebras of arbitrary type. We remark here that, for the elements 
in the dual semicanonical basis which are given by certain constructible functions 
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on varieties of nilpotent modules over a preprojective algebra of arbitrary type, a 
similar multiplication formula has been obtained in [GLSj . 

1.2. The paper is organized as follows. In Section [21 we recall the general theory 
of algebraic geometry needed in this paper. This is followed in Section [3] by a 
short survey of Green's formula over finite fields without proof. In particular, we 
consider many variants of Green's formula under various group actions. These 
variants can be viewed as the counterparts over finite field of the projective version 
of Green's formula. We give the main result in Section [J] Two geometric versions 
of Green's formula are proved. As an application, in Section [5] we prove Caldero- 
Keller multiplication formula following Hubery's method [Hu2] . and also we give 
an example using the Kronecker quiver. 

Acknowledgments. The main idea of this paper comes from a sequence of dis- 
cussion with Dr. Dong. Yang on the works [CKj and [Hu2| . We are grateful to Dr. 
D.Yang for his great help. 

2. Preliminaries 

2.1. Let Q = {Qq, Qi, s, t) be a quiver, where Qo, also denoted by /, and Qi are 
the sets of vertices and arrows, respectively, and s,t : Qi — > Qo are maps such 
that any arrow a starts at s(a) and terminates at t{a). For any dimension vector 
d = ttii G N/, we consider the affine space over C 

MQ) - Homc(C"=<°),C"'(°)) 

aeQi 

Any elements = {xa)a£Qi inEd((5) defines a representation M (a;) withdimM(x) = 
d in a natural way. For any a € Qi, we denote the vector space at s{a) (resp.i(Q;)) 
of the representation M by Ms(q,) (resp.M((o,)) and the linear map from Mg^a) to 
Mt(a) by Ma- A relation in Q is a linear combination ^iPii where Ai G C 

and Pi are paths of length at least two with s{pi) = s{pj) and t{pi) = t{pj) for all 
^ < ii j < 1". For any x = {xa)a^Q-^ G and any path p = a,n ■ ■ ■ ocioli in Q we set 
Then x satisfies a relation ^^Vi X]i=i ^i^vi = 0. If i? 

is a set of relations in Q, then let £^((5, R) be the closed subvariety of £^((5) which 
consists of all elements satisfying all relations in R. Any element x — {Xa)aGQi 
in EdiQ,R) defines in a natural way a representation M{x) of ^ = CQ/J with 
dimAf (x) = d, where J is the admissible ideal generated by R. We consider the 
algebraic group 

GdiQ) =l[GL{a,,C), 

lei 

which acts on EdiQ) by {xa^ = (5t(a)a;ag7(a)) 9 & Gd and (xa) e Ed- It 
naturally induces an action of Gd{Q) on Kd{Q,R)- The induced orbit space is 
denoted by Ed(Q, R)/Gd{Q)- There is a natural bijection between the set M{A,<£) 
of isomorphism classes of C-representations of A with dimension vector d and the set 
of orbits of Gd{Q) in Ed(Q, i?). So we may identify M{A,£} with Ed(Q, R)/Gd{Q). 

The intersection of an open subset and a close subset in Ed{Q,R) is called a 
locally closed subset. A subset in Ed{Q,R) is called constructible if and only if it 
is a disjoint union of finitely many locally closed subsets. Obviously, an open set 
and a closed set are both constructible sets. A function / on Ed{Q, R) is called 
constructible if Ed{Q,R) can be divided into finitely many constructible sets such 
that / is constant on each such constructible set. Write M(X) for the C- vector 
space of constructible functions on some complex algebraic variety X. 

Let O be a constructible set as defined above. Let Iq be the characteristic 
function of O, defined by loi^) — 1, for any x G O and lo{x) = 0, for any x ^ O. 
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It is clear that l© is the simplest constructible function and any constructible 
function is a linear combination of characteristic functions. For any constructible 
subset O in Ed{Q, R), we call O Gd-invariant if Gd • O = C 

In the following, we will always assume constructible sets and functions to be 
Grf-invariant unless particular stated. 

2.2. Let X denote Euler characteristic in compactly-supported cohomology. Let X 
be an algebraic variety and O a constructible subset which is the disjoint union of 
finitely many locally closed subsets Xi for i = 1, • • • ,m. Define x(C') = J^TLi xi^i)- 
Note that it is well-defined. We will use the following properties: 

Proposition 2.1 ( [Riej and |Joy| ). Let X,Y be algebraic varieties over C Then 

(1) If the algebraic variety X is the disjoint union of finitely many constructible 
sets Xi, • • • , Xr, then 

r 

x{x) = J2x{x.)- 

1=1 

(2) If if : X — > Y is a morphism with the property that all fibers have the 
same Euler characteristic X; then x(^) — X ' xO^)- ^'"^ particular, if if is 
a locally trivial fibration in the analytic topology with fibre F, then x(^) = 
xiF)-x{Y). 

(3) x(C") = 1 and x(P") = n + 1 for all n > 0. 

We recall the definition pushforward functor from the category of algebraic vari- 
eties over C to the category of Q- vector spaces (see |Mac| and |Joy| ). 
Let (j) : X ^ Y he a morphism of varieties. For / £ M{X) and y G Y, define 

ceQ 

Theorem 2.2 (|Dij, poy] ). Let X,Y and Z be algebraic varieties over C, (j) : X ^ 
Y and ip : Y —>■ Z be morphisms of varieties, and f G AI{X). Then 4'ir{f) is 
constructible, 0, : M{X) — > M{Y) is a Q-linear map and {tp o 0)^ — {ijj)^ o (0)^ as 
<Q-linear maps from M{X) to M{Z). 

In order to deal with orbit spaces, we need to consider geometric quotients. 

Definition 2.3. Let G be an algebraic group acting on a variety X and (j) : X —> Y 

be a G-invariant morphism, i.e. a morphism constant on orbits. The pair {Y^cf)) 
is called a geometric quotient if 4> is open and for any open subset U of Y , the 
associated comorphism identifies the ring Oy{U) of regular functions on U with the 
ring Ox{(f>~^{U))^ of G-invariant regular functions on (f)~^{U). 

The following result due to Rosenlicht |Ro| is essential to us. 

Lemma 2.4. Let X be a G-variety, then there exists an open and dense G-stable 
subset which has a geometric G-quotient. 

By this Lemma, we can construct a finite stratification over X. Let Ui be an 
open and dense G-stable subset of X as in Lemma [2.41 Then dimc(^ — Ui) < 
dimc^. We can use the above lemma again, there exists a dense open G-stable 
subset U2 oi X — Ui which has a geometric G-quotient. Inductively, we get a 
finite stratification X — \J\^-^^Ui where Ui is a G-invariant locally closed sub- 
set and has a geometric quotient, I < dimc^. We denote by (pjj. the geomet- 
ric quotient map on Ui. Define the quasi Euler-Poincare characteristic of X/G by 
x{X/G) := ^iX{4>Ui{Ui)). If {U[} is another choice in the definition of x{X/G), 
then x(0c/, m) = X(0t/.nc/j iU^nU'^)) and x(0c/^ ((7j)) = x(0c/,nc/j {U,nU'^)). 
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Thus E^x{(buM)) = E^X{'I^U'M)) and xiX/G) is well-defined (see |XXZ]). 
Similarly, xiO/G) := J2i xi't'UiiO f]Ui)) is well-defined for any G-invariant con- 
structible subset O of X. 

2.3. We also introduce the following notation. Let / be a constructible function 
over a variety X, it is natural to define 



(1) / fix) ^Xir'irn)) 



xex 



mec 



Comparing with Proposition [2lTl we also have the following (see jXXZ) ) . 

Proposition 2.5. Let X, Y he algebraic varieties over C under the actions of the 
braic groups G and H , respectively. Then 

(1) // the algebraic variety X is the disjoint union of finitely many G-invariant 
constructible sets Xi, • ■ • , Xr, then 

r 

X{X/G) = Y.^{X,I^) 

i=l 

(2) // a morphism (p : X — > Y induces a quotient map (f> : X/G — > Y/ H whose 
fibers all have the same Euler characteristic x, then x{X/G) = X'X{Y/H). 

Moreover, if there exists an action of an algebraic group G on X as in Definition 
and / is a G-invariant constructible function over X, we define 



(2) / fix) mx{r\m)/G) 

In particular, we frequently use the following corollary. 

Corollary 2.6. Let X, Y be algebraic varieties over C under the actions of an 
braic group G. These actions naturally induce an action of G on X x Y. Then 



x{XxgY)= xiX/Gy) 

JyeY/G 

where Gy is the stabilizer in G of y Y and X Xq Y is the orbit space of X x Y 
under the action of G. 

3. Green's formula over finite fields 

3.1. In this section, we recall Green's formula over finite fields ( [Gre| . [Rin2j ) . Let k 
be a finite field and A a hereditary finitary fc-algebra, i.e., Ext ^{M, N) is a finite set 
and Ext ^(M, TV) = for any A- modules M,N. Let V be the set of isomorphism 
classes of finite A-modules. Let 7i{A) be the Ringel-Hall algebra associated to 
mod A. Green introduced on H a comultiplication so that Ti, becomes a bialgebra 
up to a twist on H^H.. His proof of the compatibility between the multiplication 
and the comultiplication completely depends on the following Green's formula. 

Given a G "P, let Va be a representative in a, and Oa — |AutAVa|. Given ^,77 
and A in "P, let g^^ be the number of submodulcs Y of V\ such that Y and V\/Y 
belong to rj and ^, respectively. 

Theorem 3.1. Let k be a finite field and A a hereditary finitary k-algebra. Let 
e "P- Then 



a^Orja^ia 



Ext\V^,Vp)\ 



^ 55^5e,'«A = 2^ ^ |Hom(v:„ y^)! 
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Suppose X € € r],M e £,',N G r]' and A G J, C e a, B e S,D e /3,E e X. 
Set h{'' := |Ext ^ (X, F)^ | , where Ext ^ (X, Y) e is the subset of Ext ^ {X, Y) consist- 
ing of elements uj such that the middle term of an exact sequence represented by w 
is isomorphic to E. Then the above formula can be rewritten as ( |DXX| . [Hu2] ) 



|Exti(^,-D)||Hom(M, N)\ 
|Hom(^, D) I |Hom(yl, C) \ |Hom(B, D) \ 



3.2. For fixed fcQ- modules X, Y, M, N with dimX + dimF = dimM + dimA^. we 
fix a Qo-graded A:-space E such that dimi? = dimX + dimF. Let {E, m) be the 
fcQ-module structure on E given by an algebraic morphism m : A ^ End^i?. Let 
Q{E^ m) be the set of (a, 6, a', 6') such that the row and the column of the following 
diagram are exact: 



(3) 







Y 



^ N {E, to) M ^ 

b' 



Let 

Q{X,Y,M,N)^ U Q{E,m) 

It is clear that 

\Q{E,m)\ = 9^,,9^>.^,a^a,^a^>arj' 
where A S 7^ is such that {E, to) £ A, or simply write to g A. 

\QiX, Y, M, N)\^Y. V 

There is an action of Aut \ {E, m) on Q{E, m) given by 

g.{a,b,a',b') = {ga,bg'^ , ga' ,b' g~^) 

This induces an orbit space of Q{E,m), denoted by Q{E,m)*. The orbit of 
{a,b,a',b') in Q{E,m)* is denoted by {a,b,a' ,b')* . We have 

\QiX,Y,M,N)\ = \Ant.E\j: ^ |Hom(CokerVa, Ker6a0| 

XeV (a,b,a'M'y'eQ{E,7n)*,me\ 

Furthermore, there is an action of the group Aut X x Aut Y on Q{E, to)* given by 

{9i,92)-{a,b,a',b')* = {a,b,a'g2^,gib')* 

for (51,32) e AutXxAutr and {a,b,a',b')* e Q{E,m)*. The stabilizer G( (a, 6, a', 6')*) 
of (a, 6, a', b'Y is 

{(51,52) e AutXx AutF I ga' = a'g2,b'g = 516' for some g G 1 + aHom(M, iV)6} 
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The orbit space is denoted by Q{E, m)^ and the orbit of (a, b, a', h')* is denoted 



by (a, 6, a', 6')^. We have 



1 



axay 



-\Q{E,mr 



E 



|G((a,6,a',5')*)| 



(a,b,a' .b')'^ eQ(E .m)'- 

3.3. Let 'D{X, Y, M, N)* be the set of {B, D, d, 62, 63, 64) such that the foUowing 
diagram has exact rows and exact cohimns: 

(4) 







D- 



■Y ■ 







N 



M 



A ^0 



63 Ca 

— — 





where B. D are submodules of M,N, respectively and A ~ M/B,C — N/D. The 
maps u', v' and x, y are naturally induced. We have 

\V{X,Y,M,N)*\ ^ g^a9ys9^sp9lpaaaf3asaj 

There is an action of the group Aut \X x Aut on Y, M, N)* given by 

(51, 52)-(S, -0,61,62, 63, 64) = 3261, 625^\ 5163, e45j"^) 

for (gi, 52) e Aut x Aut aF. The orbit space is denoted by V{X, Y, M, 7V)^. We 
have 

\ViX, Y,M,Nr\ = ^— ^ |Hom(A, C) | |Hom(S, D) l^^^'.ffi'^ff^^a^a^ja^a^ 

a,p,j.o 

Fix a square as above , let T = X Xa M = {{x to) G AT M | 64(2:) ~ vim)} 
and S = Y UpN = Y ®N/{ei{d)®u'{d) \ de D}. There is a unique map f : S ^ T 
( see }Rin2] ) such that the natural long sequence 



(5) 



D S ^ A^O 



is exact. 

Let (c, d) be a pair of maps such that c is surjective, d is injective and cd = /. 
The number of such pairs can be computed as follows. We have the following 
commutative diagram: 



(6) 



0- 



{E,m) 



■A- 







£0 



Im/. 



■T- 



■A- 
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The exact sequence 



0- 



D 



Im/ ■ 



■0 



induces the foUowing long exact sequence: 

(7) ^ Hom(A, D) ^ Hom(A, S) ^ Hom(A, Im/) ■ 



^ Ext^ (A, D) ^ Ext^ [A, S) ^ Ext^ (A, Im/) ^ 

We set eo G Ext ^ (A, Im /) correspondmg to the canonical exact sequence 

Im / ^ T ^ A ^ 

and denote 0~^(£o) Pi Ext ^(A, S)i^E,m) by 0~^(eo)- Let T{f; m) be the set of (c, d) 
induced by diagram ([6]) with center term (i?, m). Let 

Hf)^ U ^(/;™) 

?ri: A^EndfcB 



Then 



\Hf;m)\ = |0-^(eo)|^^^^||^|Hom(AIni/)|, 



|^(/)| = |Autfe(i?)| 



|Exti(^,£i)| 



\Roin{A,D)\ ' 

Let 0{E,m) be the set of {B, D, 61,62,63, €4, c,d) such that the following dia- 
gram is commutative and has exact rows and columns: 

(8) 




where the maps qx,UY and qmiUn are naturally induced. In fact, the long exact 
sequence ^ has the following explicit form: 



(9) 



0- 



D^S^T^A- 







\OiE,m)\ = ^ U-Vp„'>J^^^^^'^'"'^I iHnmr^ Tmf^l»t X^'j.y, 



Q,/3,7,(5 



™ ' |Hom(yl S)\ ^"^^l ma9^s95i39Lp(^o.afiasc 
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Let 0{X, Y, M, N) = U„:A^End.i=; ^i^, m) 

\0{X,Y,M,N)\ = |Autfe(£)| E ^ '||"'^|^; ^) i' 9l9^^s9h9'a0<^c,^0<^sa, 

The group Aut \{E, m) naturally acts on 0{E, m) and 0{X, Y, M, N) as follows: 

g. {B,D, €1,62,63, 64, c,d) = {B,D, 61, 62, 63, 64, cg^^,gd) 

We denote the orbit space by 0{E, m)* and 0{X, Y, M, N)*. The orbit of {B, D, 6\,62, 63, 64, 
is denoted by [B, D, ei, 62, 63, 64, c, rf)*. Then 

\0{X, Y,M,Nr\= J2 |Ext ' {A, D) l4„4W?;35^>a«/3«*«7 

Similar to that on T>{X, Y, M, N)*, there is an action of Aut Xx Aut Y on 0{X, Y, M, N)* 
given by 

{9l,92)-{B, D, ei, 62, 63, 64, C, rf)* = (B, D, 3261, 625'^\ 5163, 645'i"\ c', «^')* 

Let us determine the relation between {c',d') and {c,d). 
It is clear that there are isomorphisms: 

ai:S^S' and 02 : T ^ T' 

induced by isomorphisms: 

? irf ) • ® ^ ® ^ ^^'^ (0^ ^ : ^ e M ^ X e M 

Hence, c' = 026, d' = rfaj^^. 

The stabilizer of {B, D, 61, 62, 63, 64, c, d)* is denoted by G{{B, D, 61, 62, 63, 64, c, rf)*), 
which is 

{{91,92) e AutX X Autr I gi G e3Hom(A, C)e4,c/2 G eiHom(B, i:')e2, 

C5~^ = c', 5frf = for some g G Aut (£^, to)} 

The orbit space is denoted by 0{X,Y,M,N)^ and the orbit is denoted by 
(S,£>, 61,62,63,64,6, rf)^. Then 

^ \0(X Y M N)*\ = ^ 

axay ' ' ' I |G{(S,D,ei,e2,e3,e4,c,d)*)| 

3.4. There is a bijection : Q{E,m) 0{E,m.) which induces Green's formula. 

In the same way, wc also have the following proposition 

Proposition 3.2. There exist bijections : Q{E,m)* — > 0{E,m)* and fi^ : 
Q{E,m)'^ 0{E,m)^. 

Proof. For any {a,b,a',b') G Q{E,m), 

Q{a,b,a' ,b') = {Kerb'a,lmba' ,a'~^a,ba' ,b'a,bb'~^ ,c,d) 
where e, d are defined by 

duN = a, duy = a', qmc = b, qxc = b' 

Hence, 

n{g.{a,b,a',b')) = {ga,bg-\ ga' ,b' g-') 

= (Ker6'a, Im6a', a'^^a, ha' , b'a, bb'^^ , cg^^,gd) 
= g.(Kei b'a, Im ba', a'~^a, ba' , b'a, bb'^^, c, d) 

i.e. 

n*{{a,b,a',b')*) = {{Kerb'a,lmba' ,a'-'^a,ba' ,b'a, bb'-'^,c,d)y 
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for g G Aut {E, ni). Similarly, 

— (Ker gib' a, Im ba'g2^,g2a'^^a, ba'g2^ , gib'a, bb'^^g^^, c' 
= {gi, g2)-{KeT b' a,Imba' , a'~^a, ba' , b'a, bb'~^,c,d)* 
for ((71,52) G AvLtX X AutF. Hence 

f^^((a,6,a',6')^) = ((Ker 6'a, Im 5a', a'^^a, 6a', 5'a, c, d))'' 

□ 

In particular, if (a, 5, a', 6')* corresponds to (_B, Z?, ei, 62, 63, 64, c, d)*, then 

G((a, 5, a', 6')*) = G((B, i?, ei, 62, 63, 64, c, d)*) 

We also give the following variant of Green's formula, which is suggestive for the 
projective Green's formula over the complex numbers in the next section. 



V- |ExtHA^)l|Hom(Af,iV)| 1 ,g 

^ |Hom(A,D)||Hom(A,C)||Hom(B,i:i)U- 1 « ^ 3^s9af3 

V- 1 |Exti(A^)l|Hom(Af,jV)| 

^ g-lVom(yl,i:))||Hom(A,C)||Hom(B,i:i)l ^^'^^Sa/s 



Q,;3,7,(5;a©7={,/3©(5=r) 



a,/3,7,5;a©7=C,/3©(5=?j 



4. Green's formula over the complex numbers 

4.1. From now on, we consider A = CQ, where C is the field of complex numbers. 
Let Oi, O2 be G-invariant constructible subsets in E^^ (Q), E^, (Q), respectively, and 
let d = di + ^2- Define 

V(0i,02;i) = {0 = Xo c c X2 = i I a:, e mod A,Xi e 02, and L/Xi e d}. 

where i G Ed(Q). In particular, when ©1,02 arc the orbits of ^-modules X,Y 
respectively, we write V(A, Y\ L) instead of 1^(01, ©2; i). 

Let a be the image of X in {Q)/Gd ■ We write X € a, sometimes we also 
use the notation X to denote the image of X and the notation Va to denote a 
representative of a. Instead of d^, we use a to denote the dimension vector of a. 
Put 

<?^^=x(V(X,y;L)) 

for X G a,Y G P and L <E X. Both are well-defined and independent of the choice 
of objects in the orbits. 

Definition 4.1. [Riej For any L E mod A, let L ~ Li be the decomposition 

into indecomposables, then an action of C* on L is defined by 

t.{vi, ■■■ ,Wr) = {tvi, ■ ■ ■ ^fvr) 

for i e C* and Vi G Li for i — I, ■ ■ ■ ,r. 

It induces an action of C* on V{X,Y; L) for any A-modules X,Y and L. Let 
{Xi C L) G V{X,Y; L) and t.Xi be the action of C* on Xi as above under the 
decomposition of L, then there is a natural isomorphism between A-modules txi '■ 
Xi ~ t.Xi. Define t.{Xi C L) = (t.Xi C L). 
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Let D{X,Y) be the vector space over C of all tuples d = {d{a))aeQi such 
that each linear map d{a) belongs to Homc(^s(Q), i^t(Q))- Define tt : D{X,Y) 
F,xt^{X,Y) by sending d to the short exact sequence 

. ) (01) 
^ Y ^ L{d) ^ X ^ 

where L{d) is the direct sum of X and y as a vector space and for any a G Qi, 

Ya d{a) 



- 1 x^ 

Fix a vector space decomposition D{X, Y) = Kern (BE{X, Y), then we can identify 
Ext\X,Y) with E{X,Y) ( see [Rie], [DXX) or pLS] ). There is a natural C*- 
action on E{X, Y) given by t.d = {td{a)) for any t G C*. This induces an action of 
C* on F,xt^{X,Y). By the isomorphism of CQ-modules between L{d) and L{t.d), 
t.e is the following short exact sequence: 

. ^ (01) 
Y ^ ^ L{d) ^ X 



for any t e C* . Let Ext^{X,Y)L be the subset of Ext^(X, F) of the equivalence 
classes of short exact sequences whose middle term is isomorphic to L. Then 
Ext^{X,Y)L can be viewed as a constructible subset of Ext^{X, Y) under the iden- 
tification between Ext^{X,Y) and E{X,Y). Put 

hf = x{E^t\{X,Y)L) 
ior X G a,Y G /3 and L G A. The following is known, for example, see [DXX| . 
Lemma 4.2. For A,B,Xe modA, x(E^^a{A B)x) = unless X ^ A®B. 

We remark that both V{X,Y;L) and Ext^ {X,Y)l can be viewed as the orbit 
spaces of 

WiX, Y; L) := {(/, g) \ ^ Y ^ > L — ^ X ^ is an exact sequence} 

under the actions of Ga x G/j and G\ respectively, for X G a,Y G /3 and L <E \. 



4.2. For fixed consider the following canonical embedding: 

a,/3,7,i5;ae7=5,/3ei5='; 

sending {V^j, C V^-, C V^') to {V^, © V^, C V^' ® Vr,') in a natural way. We set 
i.e. 

(11) ViV^, Vr,; © K,0 = ^r,; F^' © no U^i 

where Vi = Imi. Define 

Vi(^,/3) :=Im(V(14,y^;K,0 x V{V^,Vs;V^>)) 
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Consider the C-space Mg{A) — ^^^iqr, Mg^[Q) where Mc^iQ) is the C-space of 
Gd-invariant constructible function on KdiQ). Define the convolution multipUcation 
on MciA) by 

J2 x{V{r\c),g~\d)-L))cd. 

c,dec 

for any / e MqAQ): 9 £ Ma^, (Q) and L G E^+d'. 

As usual for an algebraic variety V and a constructible function / on V, using 
the notation ([1]) in Section [51 we have 

f»9{L)= f f{x')9{x"). 

J V{supp{f) ,supp{g);L) 

The following is well-known (see [Lu| , |Rie| ) , see a proof in |DXX| . 

Proposition 4.3. The space Mq{A) under the convolution multiplication • is an 
associative C-algebra with unit element. 

The above proposition implies the following identity 

Theorem 4.4. For fixed A-modules X, Y, Z and M with dimension vectors d^ , dy , d 
and df^.j such that d^^i = dx + dy + d^, we have 

f L M f ML' 

_ 9xy9lz = /_ 9xl'9yz 

Define 

W{X,Y;Li,L2) := 

{(/, 5, ft.) I ^ Y — ^ Li — ^-^ L2 — X ^ is an exact sequence}. 

Under the action of Ga x Gp, where a = dim X and (3 — dini Y", the orbit space is 
denoted by V{X, Y; ii, ^2)- In fact, 

V{X, Y; Li, L2) = {g : Li L2 \ Kerg = Y and Cokerg ^ X} 

Put 

=x(V(X,r;Lii2)) 
We have the following "higher order" associativity. 

Theorem 4.5. For fixed A-modules X, Yi, Li for i = 1, 2, we have 

J_ 9Y2 YilT-XY ~ J_ 9l[ Yi "XYa " 

Dually, for fixed A-modules Xi, Y, Li for i = 1,2, we have 

/ hLiL2 _ / L2 i^LiL'2 

J_9x2Xi'^XY - J^9x2L'^'^XiY ■ 

Proof. Define 

EF{X, Yi,Y2;Li,L2) = {{g, Y*) \ g : Li ^ L2, Y* = (Kcrg DY'DO) 
such that Cokerg ~ X, F' ~ Yi,KeTg/Y' ~ Y2} 

and 

EF'iX, Yi,Y2;L[,L2) = {{g' , Ll) \ g' : L[ ^ L2, L' = (Li DY'DO) 
such that Kerg' ~ Y2, Cokery' ~ X,Y' ~ Yi, Li/Y' L[} 
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Consider the following diagram 
(12) Fi = Fi 




where L[ = Li/Y' is the pushout. This gives the following morphism of varieties: 

EF{X,Yi,Y2;Li,L2) ^ EF'{X,Yi,Y2;L\,L2) 

sending {g,Y') to {g',L\) where g' : Li/Y' L2- Conversely, we also have the 
morphism 

EF' (X, Fi , y2 ; i'l ,L2)^ EF{X,Yi,Y2;Li,L2) 

sending (g' , L^) to {g,Y*) where g is the composition: Li Li/Y' ~ L'^ L2 
(this implies Y' C Kerg). A simple check shows there exists a homeomorphism 
between EF{X,Yi,Y2; Li, L2) and EF'[X,Yi,Y2]L{,L2). By Proposition [STSl we 
have 



xiEF{X,Y,,Y2;L,,L2)) = j^5y,n4y' 



and 



L{L2 
XY2 



□ 



X{EF'{X,Y^,Y2;L[,L2)) = J_9t{n'^ 
This completes the proof. 
We define 

Hom(Li,L2)y[i]ex = {ff e Hom(ii, L2)|Ker5 ~ F, Cokerg ~ X} 

Then, it is easy to identify that 

V{X, Y; Li, L2) = Hom(Li, L2)y[i]ex 

We can consider a C*-action on Hom(Li, L2)y[i]ex or V{X,Y; Li, L2) simply by 
t.{f,g,h)* = {f,tg,h)* for t G C* and {f,g,h)* G V{X,Y; Li, L2). We also have a 
projective version of Theorem l4.51 where P indicates the corresponding orbit space 
under the C*-action. 

Theorem 4.6. For fixed A-modules X, Yi, Li for i = 1,2, we have 

/ 5i;nX(PHom(Li,L2)y[i]ex)= / 5L'V,x(FHom(i;, L2)y,[i]ex). 
Jy Jl'i ^ 

Dually, for fixed A-modules Xi, Y, Li for i ~ \,2, we have 

/ .9l.XiX(FHom(Li,L2)y[i]ex)= / .g^^^^, x(PHom(Li, 4)y[i]exJ. 
Jx Jl'2 
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4.3. For fixed ^, rj and f 77' with ^ + jy = ^ + ^ = A, let Fa e Ea and Q{Vx) be 
the set of (a, 6, a', h') such that the row and the column of the following diagram 
are exact: 

(13) 





We let 

We remark that Q{£,, rj, 77') can be viewed as a constructible subset of the module 
variety ,j/ _a) with ^ + i] — ^' + rj' = X the following quiver 



(14) 



We have the following action of Ga on Q{£,:ri,£,' iV')'- 

g.{a,b,a',b') = {ga,bg~'^ , ga' ,b' g~^). 

The orbit space of Q{(,,'r]j£.' jV') is denoted by Q{£,,'r]:i' tV')* and tbe orbit of 
{a,b,a',b') in ??')* is denoted by {a,b, a' ,b')* . We also have the follow- 

ing action of Ga_ on W{V^' ,V,j';E\): g.{a,b) — {ga,bg^^). In the induced orbit 
space Ext ^(V^'j V^,/), the orbit of (a, 6) is denoted by (a, 6)*. Hence, we have 



02 



Exti(F5.,v;,0 



(15) WiV^,,V^r,E^) X iy(^,J7;EA) =Q(C,77,^',V) 



where 0((a, 6, a', 6')*) = (a, b)* is well defined. 

Let (o, b, a', b') G Q{V\). We claim that the stabilizer of (a, b, a' , b') in (j>i is 

a' e 1 Hom( Coker 6' a , Ker 6a' ) 64 6' , 

which is isomorphic to Hom(Coker6'a,Ker6a'), where the injection ei : Ker&a' 
Vx is induced naturally by a' and the surjection 64 : Va — > Coker b'a is induced 
naturally by b' . In fact, consider the action of Ga on W{V^,V,i;E\) given by 
g.{a',b') = {ga,bg-'^), the stabilizer of (a', 6') is 1 + a'Hom(y^, V;,)6' ([Knl])- It is 
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clear that the stabihzer of (a, b, a', 6') under the action given by 0i is the following 
subgroup: 

{1 + a'fb' I / e Hom(V5, F^), ba' fb' = 0, a'fb'a = 0}. 

Since b' is surjective and a' is injective, ba' fb' = 0, a' fb'a = imply 6a'/ — 0, /fe'a = 
0. This means Im/ G Kerba' and /(Ker6'a) = 0. We easily deduce the above claim 
by this conclusion. In the same way, the stabilizer of (a, 6) under the action given 
by 02 is 1 + allom{V^' ,Vrf')b, which is isomorphic to }iom{V^' ,Vri') just for a is 
injective and b is surjective. We now compute the fibre 0i(02^^((a, 6)*)) of (f) over 
(a, 6)*. 

'^'2'^ = {9a;bg^^,a',b') 

where (a', b') G W{V^,V,,:Vx). Fixed a, b, Fix a, b, and let t/ = {(a, 6, a', 6')}- Then 

U C </.2-\(a,6)*), (/.i(C/) = (/.i((/.2-\(a,6)*)) 

01 It/: — > 4>i{U) can be viewed as the action of the group aHom(V^', with the 
stable subgroup a'eiHom(Coker5'a, Ker5a')e46', i.e., the fibre of 0i \u is isomorphic 
to aHom(V^', K7/)6/a'eiHom(Coker6'a,Ker6a')e46'. Hence, by Corollarv l2.61 

xiWiV^, V,; Vx)) = x{U) = xiMU)) = x(0i(02"^((a, 6)*))). 

Moreover, consider the action of x on Q{£,,ti,S,' ,ri')* and the induced orbit 
space, denoted by Q{S,,il,S,' ,11')^ . The stabilizer StabG((a, 6, a', 6')*) of {a,b,a',b')* 
is 

{(ffi:52) e G|_ X I ga' = a'g2,b'g = gib' for some g G 1 + aHom(y^/ , 

also denoted by G((a, 5, a', 5')*). This determines the group embedding 

StabG((a,^a',6')*) (1 + aHom(t/4/, + aeiHom(Coker6'a,Ker&a')e4&). 

The group G{{a,b,a' ,b')*) is isomorphic to a vector space since ba = 0. We know 
that 1 + aHom(V^' , Vr,')b is the subgroup of Aut V\, it acts on W^(V^, K,; E,\) natu- 
rally. The orbit space of ^^(^5, K,; Ea) under the action of 1 + a}iom{V^' , Vrf')b is 
denoted by W{V^,V,j;E)^ and similar considerations hold for V{V^,V,^;Ex). Com- 
bined with the discussion above, we have the following commutative diagram of 
actions of groups: 

l+aHom(Vf,.V„,)b _ 

(16) W{Vi,V,;E^) L^^w{V^,V,;E^) 

i+aHom(y,,.y„,)b 
ViV^,V^: E,) '-^-^ ViV^ , K, ; Ea) 

The stabilizer of (a', 6')^ in the bottom map is 

{.g G 1 + aHom(yj' , | ga' = a'5r2, ^'g = 9ib' for some (51, 32) e G^ x G^} 

which is isomorphic to a vector space too, it is denoted by V{a,b,a' ,b'). We can 
construct the map from V{a,b,a' ,b') to StabG((a, 6, a', 5')*) sending g to {gi,g2)- 
It is well-defined since a' is injective and b' is surjective. We have 

l/(a,6,a',6')/Hom(Coker6'a,Ker6a') ^ StabG((a, 6, a', &')*)■ 

We have the following proposition. 

Proposition 4.7. The fiber over (a, 6)* G Ext^{V^> ,Vrf')\ of the surjective map 
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is isomorphic to V(Vj, 1^; Ea), where V(V^, Vrj', Ea) is such that there exists a surjec- 
tive morphism from V{V^, Vrj] V\) to V(V^, K7; Ea) such that any fibre is isomorphic 
to an affine space of dimension 

dimcHom(y5/ , Vrf') — dimcHom(Coker6'a, Keiba') — dimcStabG((a. b, a' , b')*)). 



Also, we also have a commutative diagram induced by (fT5|) . By Proposition 12.5 
we have 

Corollary 4.8. The following equality holds. 

(17) ExWW")-Eff^>i'''' 



4.4. Let 0{S,, rj, 77') be the set of {Vg, Vp, ei, 62, 63, 64, c, d) such that the following 
commutative diagram has exact rows and columns: 



(18) 







^Vp^ 



Vr, 







v& — ^0 



s 



T 



¥ A 



— 



K ^0 



where V5, Vg are submodules of respectively; = V^'/Vs, Va = Kj'/^i 

u' ,x^v' ,y are the canonical morphisms, and V\ is the center induced by the above 
square, T = V^Xv^V^: ^ {{x®m) & V^® V^- \ 64(0;) = y{m)] and S ^VfYn' = 
© K;'/{6i('^/3) © u'{vfj) I u/3 G V^}. Then there is unique map / : 5 T for the 
fixed square. Let (c, d) be a pair of maps such that c is surjective, d is injective and 
cd = /. In particular, for fixed submodules Vs and Vg of V^i and T^' respectively, 
the subset of r;, C', 77') 

{(^1, X^2, ei, 62, 63, 64, 6, d) £ V. ??') I ^1 = 14, = ^/j} 

is denoted by 0^v.,.Vs,Va,Vp) where — V^' /Vs and Vq = Kj' /V/j. There is a natural 
action of the group G\ on C'(v'.^,Vj,y„,y^) as follows: 

g.(V5, V3,6i,62,e3,64,e, d) = (V^, Vg, 61, 62, 63, 64, cg"^ yd) 



We denote by O 



of Ga 



and C'(^, 77, 77')* the orbit spaces under the actions 
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4.5. There is a homeomorphism between Q{(,,ri,£,' ,7]')* and 77, i^', 77')* ( see 
[DXX]): 

induced by the map between Q{£,, rj, 77') and 0{£,, rj, rj') defined as follows: 
Vp = Ker b'a ~ Ker ba' , Vg = Im ba' , 

ei ~ {a')^^a, 62 — ba' , 63 = b'a, 64 = b{b')^^ 
and c, d are induced by the maps: 

Vn (B VrY ^ Vx and 14 ^ ® 

There is an action of x G,, on 0{^,ri,^' ,ri')* , defined as follows: for (31,32) 6 
G^ X G,, , 

(51, 52)-(K5, Va, ei, 62, 63, 64, c, d)* = (Vs, ¥13,0261,6202^,0163, €491'^, c', d')* 

Let us determine the relation between [c' ,d') and (c, d). 

Suppose that (Vs, Vp, 9261, 6202 ; 51^3, 645^" ) induces 5", T' and the unique map 
f : S' T' , then it is clear that there are isomorphisms: 

ai : S ^ S' and 02 : T ^ T' 

induced by isomorphisms: 

( 0' ^d ) : ® K,' - ® V;,' and 'Jj ^'^^ ) : ® ^ ® V^, 

So /' = a2fa^^, we have the following commutative diagram: 

(19) " - 



S' 



S^^Vx^V 



Im / ^ T ^ Vj 



Im/'. 



■r 



Hence, c' = 0263 ^ and d' = gdai ^. In particular, c — c' and d = d' if and only if 
gi = idv/: and 32 = idy^ . This shows that the action of G^ x G^ is free. 

Its orbit space is denoted by 0(^,77,^',/;')^. The homeomorphism 9* above in- 
duces the homeomorphism in the following the Proposition: 

Proposition 4.9. There exists a homeomorphism under quotient topology 

Let I?(^, 77, ^' , rj')* be the set of (V^, V/3, 61, 62, 63, 64) such that the diagram (fT5|l 
is commutative and has exact rows and columns. In particular, for fixed Vg and 
Vp, its subset 

{(^1,^2,61,62,63,64) I Vi^Vs,V2^Vp} 
is denoted by D'^y y^y y^^ where V~^ = V^' /Vs and Va — Vr^' /Vp. Then we have a 
projection: 

^* ■.0{^,il,i',rj'r -.V{^,r^,^',^'r 
We claim that the fibre of this morphism is isomorphic to a vector space which 
has the same dimension as Ext^(Ky, Vp) for any element in y^ y y^y 
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Fix an element (Va, V^, 61,62, 63, 64) G "^(v^ Vs y^)' ^^'^ ^ 
sisting of the equivalence classes (c, d)*of elements (c, d) under the action of Ga 
such that the following diagram is commutative: 



(20) 



Vb 







where ui,U2,vi, V2 are fixed and come from the long exact sequence: 
(21) L = Imf 



0- 





■T- 







and where s,t are naturally induced by c,d respectively. Then V is the fibre of 
(/?*. We note that c is in diagram ((20|l if and only if c G U2Hom(V^, L)t. Of course, 
M2Hom(T^, L)t is isomorphic to Hom(T/y, L). 

Let £0 G Ext ^(Ky, L) be the class of the following exact sequence: 



0- 



■T- 







The above long exact sequence induces the following long exact sequence: 
(22) ^ Yiom{V^,Vfi) ^ Yioui{V^,S) ^ Hom(V"^, L) ^ 

^Exti(Ky,y^) ^Exti(Ky,5') ^^Ext\T/^,L) - 



. 



Consider the morphism uj : V ^ (f)^^ [eq) sending {c,d)* to {d,t)* . 

u;~\{d,tr) - {{cg-\gdr \ g e Gx} = {{cg~\dr \ g e I + dRom{V„ S)t} 

Hence, the fibre of uj can be viewed as the orbit space of U2Hom(V^, L)t under the 
action of 1 + dHom(V^, S)t given by g.U2ft = U2fg^^t where 5 G 1 + dHom(Ky, S)t 
and g^ is the isomorphism on induced by g. with the stabilizer isomorphic to the 
vector space \io\ii{V-y,Vfj). Hence, up to a translation from Eq to 0, V is isomorphic 
to the affine space 

0-^(eo) X Hom(y^,L) x Hom(K,, Va)/Hom(K,, S*) 

which is denoted by iy(V5, Vg, ei, 62, 63, 64), and whose dimension is dimcExti(Ky, Va) 

There is also an action of the group x G,, on I?(f , 77, 77')* with stabilizer 
isomorphic to the vector space Hom(l^,VQ) x Hom(V5,Va). The orbit space is 
denoted by P(^, 77, i^', 77')'^. The projection ip* naturally induces the projection: 

^^:0(e,77,e',^')^-2?(e,^,e',^')^ 
Its fibre over (V5, Vp, 61, 62, 63, 64)^ is isomorphic to the quotient space of 

{Lp*)~^{Vs,Vp, ei, 62, 63, 64) 
under the action of 'i{oTa{V^ ,Va) x 'iiom{Vs ,Vp) . The corresponding stabilizer of 

iVs, Vp, 61, 62, 6z, 64, C,d)* G [Lp*y^{V5,Vj3,6i,62,6'i,e4) is 

{(51,52) e 1 + e3Hom(y^,y„)e4 x 1 + eiHom(Vi, Va)e2 | 
ga' — a'g2, b'g ~ gib' for some 17 G 1 + aHom(V^', K,')^} 
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where {a,b,a' ,b')* is induced by 9* as showed in diagram ^TE\i . It is isomorphic to 
the vector space Sta.hG{{a,b,a' ,b')*). Therefore, we have 

Proposition 4.10. There exists a projection 

such that any fibre for (V^, Vg, ei, 62, 63, 64)^ is isomorphic to an affine space of 
dimension 

dimcExt^(Ky, Va)+dimcStabG((a, 6, a', 5')*)— dimcHom(Ky, VQ)-dimcHom(V5, Vg) 

where ~V^' /Vs and Va — Vrj' /Vp. 

Let us summarize the discussion above in the following diagram: 
(23) 

The following theorem can be viewed as a degenerated version of Green's formula. 
Theorem 4.11. For fixed ,ri' , we have 



Proof. We note that 



Because the Euler characteristic of an affine space is 1, we have 
Using Proposition 12.51 and Lemma 14.21 we simplify the identity as 
i.e., 



□ 



4.6. We define EF{^, r?, 77') to be the set 

{{e,L'{d)) I e e Ext\V^,, V^,)L(d),L'{d) C L{d),L'{d) ~ V,„ L{d) / L' (d) ^ V^} 
and let FE{(, 77, 77') be the set 

{iv^,,v;^,, 61,62) I v^, c v^X' ^ ^v'^^i e Ext\vi,,v;,,)v„,62 e Ext'{v^,/v^,,Vr,'/v^,)v,}. 

The projection 

pi :i?F(C,r/,e',r7') --Exti(t/4,,K,0 

satisfies that the fibre of any e G Ext^(V^', T^')i(d) is isomorphic to V(V^, K?; L{d)). 
Comparing with Proposition [4?7l we have a morphism 

EF{i,ri,^',ri')-^Q{i,ri,^',riT 

satisfying the fibre of (a, 6, a', 6')^ is isomorphic to an affine space of dimension 

dimcHom(V^', V^') — dimcHom(Coker&'a, Ker6a') — dimcG((a, 6, a', b')*). 

We also have a natural homcomorphism 

Hence, using Proposition 14.71 and I^^TUl we have 
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Proposition 4.12. There is a natural morphism 

satisfying the fibre for (V^, , V^, , £i, £2) is isomorphic to an affine space of dimension 

dime Hom(yj', V^,')— dime Honi(Ky, V^)+dimcExt(Ky, Vg)— dimcHom(Ky, ^4,)— dimeHom(V5, Vg). 

where Vp ~ V^,,Vs ~ V^, and ~ Vr,'/V^,,V^ ~ V^>/V^,. 

Now we consider the action of C* on EF{^, 77, 77') and FE{£,, r], ^' ,r]'). 

(1) For t G C* and {e,L'{d)) G EF{^,t],£,' ,7]'), we know t.e G Ext^{V^>,Vn')L(t.d) 
and = V^' © as a direct sum of vector spaces. Recall that L{t.d) is defined 
in Section 4.1. Define 

L'it.d) ■.^{{v'.tv") I Gi'(d)}. 
Then L'{t.d) C L{t.d). Hence, we define 

t.{e,L'{d)) = {t.e, L'it.d)). 

The orbit space is denoted by EF{^,r],£,' ,ri'). A point {e,L'{d)) is stable, i.e., 
i.(e, = (e, L'((i)) for any t G C* if and only if 

L{d) = e V;,- and = n V^^O ® n Vr,') 

Note that the above direct sums are the direct sums of modules. The set of stable 
points in EF{^,r], ^' ,t]') is denoted by EFs{^,r], ^' ,t]'). The action of C* on the 
set of non-stable points in i?F(^, ry, 77') is free. We denote the orbit space by 
¥EF{£^, rj, , rj'). Of course, we have 

EF{^, ,7, V') = EFs{^, 77, V') U ^' ^')- 

The orbit of (e, L'{d)) in PEF{^, 77, 77') is denoted by P(£, L'{d)). 

(2) For t G C* and {Vl, ,V,'y , ei, S2) G FE{^,r], ^ ,ri'), we define 

<.(t/^',,V;;,,ei,e2) - (F^',,V;',,t.£i,t.£2). 

The orbit space is denoted by 'FEit v')- A point {V^, , T/',, ei, £2) in FE{^, 77, 77') 
is stable if and only if £1 = £2 = 0. The set of stable points in F£'(^, 77, 77') is 
denoted by F£'s(^, 77, 77'). The action of C* on the set of non-stable points in 
FE{£^, rj, 77') is free. We denote the orbit space by PFE{£^, 77, 77'). Of course, we 
have 

FE{C, V, r , V') = FE.it 77, e', V') U ^' ^')- 

The orbit of (F^', , V;',, £1, £2) in PF£;(^, 77, 77') is denoted by P(y^', , V^', , £1, £2). 
The morphism p induces the morphism 

p:EF{^,rj,^',ij')^FE{^,Tj,e,v') 
We consider its restriction to Pi?F(^, 77, i^', 77'). 

P \pEFii.^..e.v')- ^FF{^, 77, C', 77') ^ FE{^, 77, 77') 
For any {V^, , , 0, 0) G (C, 77, 77') C FE{^, 77, 77'), we have 

{p \PEFit,..i',,'))-\{vi,,v:,,Ao)) = p(p-i(F5',,k;„o,o) \ {v^, ® k;„o)). 

It is actually the projective space of the affine space in Proposition 14.121 For 
any P(y^',,V;',,£i,£2) G FFEi^r^,^' ,7^'), [p |pb;.(^,^,^,,^,))-1(P(F^',, V;',,£i,£2)) is 
isomorphic to the affine space in Proposition 14.121 Now we compute the Euler 
characteristics. By Proposition 12.11 and the above discussion of the fibres, we have 

x{FEF{^,7j,e,v')) = 
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m', v')-d{l, a)-d{5, /3)-(7, 0)]9^^s9'^f3+xi^FE{C, ry, C, v')) 



(y^',,y;,,o,o)e_F£;,(C,7,,C',7,') 

where c?(7, a) = dim cHomA(l7, Vq) and the Euler form (7,/3) = dimcHom(V^, V^) — 
dimcExt ^{Vy, V^). On the other hand, we know 

Ja,/3, 5,7, 007=5, /3e5=i7 J ^^'i' ®n' 

Therefore, we have the following theorem, which can be viewed as a geometric 
version of Green's formula midcr the C*-action. 

Theorem 4.13. For fixed £^,7], ,1]' , we have 

x(PExti(ye,K,')A)4, - 



m'. V') - dh, a) - diS, f3) - (7, P)^s9lf3 

Q,/3, 5,7, 007=5, /3e5=r; 

x{PV{V^,Vr,;V^'®V^,)). 

Q,/3, 5,7, 007=4, /3e5='? 

5. Application to Caldero-Keller formula 

5.1. Let Q be a quiver with vertex set Qq — {1, 2, • • • ,n} containing no oriented 
cycles and A = CQ be the path algebra of Q. For i E Qo, we denote by Pi the 
corresponding indecomposable projective CQ-module and by Si the corresponding 
simple module. Let Q(a;i, • • • be a transcendental extension of Q. Define the 
map 

X7 : obj(modA) Q(xi, • • • ,Xn) 

by: 

e 

where r is the Auslander-Reiten translation on the Grothendieck group Ko{'D'' (Q)) 
and, for u G Z", we put 

1=1 

and GrJyM) is the e-Grassmannian of M, i.e. the variety of submodules of M with 
dimension vector e. This definition is equivalent to jHu2j 

V — / „M BR+aR'-dimM 

where the matrices R — {rij) and R' ~ (^ij) satisfy rij — dimcExt^(S'i, S'j) and 
= dimcExt^S'j, SO for i,j £ Qo- Here we recall 5*^ := Vg; M)) which 

is defined in Section 4.1. Note that (see [Hu2j l 

( dim P)R = dim rad P ( dim I)R' = dim / — dim socJ 

We consider the set 

Gre(Ed) := {(M,Mi) | M e Ed, Mi £ Gr,{M)}. 

This is a closed subset of x Hi^i n ^^e; {k'^' ) ■ Here, we simply use the notation 
Ed instead of Ed{Q) without confusion. 
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Proposition 5.1. The Junction Xf is G-invariant constructible. 

Proof. Obviously it is G-invariant. Consider the canonical morphism tt : Gre(Ed) — *■ 
Ed sending {M,Mi) to M. It is clear that n~^{M) = GrJ^M). Let lGr,(Ed) be the 
constant function on Gre(Ed), by Theorem 12. 21 (tt), (iGre(Ed)) is constructible. We 
know that 

W*(lGr,(E,))(M) = x(Gre(M)) 
So there are finitely many x(Gre(M)) for M G E^. □ 

Proposition 5.2. For fixed dimension vectors e and d, the set 
{g^y \E eEd,Y eEe,X e Ed-e} 

is a finite set. 

Proof. Let M G E^. For any submodule Mi of dimension vector e of M, by the 
knowledge of linear algebra, there exist unique (C-, x) G Eg isomorphic to Mi and 
(C-~-,x') G Ed-e isomorphic to M/Mi, this deduces the following morphisms: 

Gre(M) E, X Ed-e X Ed \J^ HUr) 

where Ee x Ed-e x Ed = IJj Ui is a finite stratification with respect to the action of 
the algebraic group Ge x Gd-e and : Ui —>■ 4>i{Ui) is the geometric quotient for 
any i, and 7r2 = Ui Foi" ^"^y O^i M) G Eg x Ed-e x Ed, 

X{{^2^i)-\^2{{Y,X,M)))) ^ g^4y. 

Consider the constant function iGrc(M) on Gre{M), by Theorem l2.21 {'^2T^i)*i^Gr^{M)) 
is constructible. Hence, there are finitely many g^y for {X, Y, M) G Eg x Ed-e x 
Ed. " " "□ 

Proposition 5.3. For fixed M G E^- , A'' G E^/ , the set 

{x(Exti(Af,7V)£) |i?GE^+^} 

is a finite set. 

Proof. Consider the morphism: 

Exti(M, N) ^ E5-+^ ^ U <i>,{Vj) 

3 

where E^/+^' = IJ^ Vj is a finite stratification with respect to the action of the 
algebraic group G^'+^z and (jij : Vj <l>j{Vj) is a geometric quotient for any i, and 
/ sends any extension to the middle term of the extension. Here, / is a morphism 
by identification between Ext^(M, iV) and E(M,N) at the beginning of Section 4. 
The remaining discussion is almost the same as in Proposition l5.2l We omit it. □ 

5.2. We now consider the cluster category, i.e. the orbit category T>^{Q)/F with 
F = [I]r-\ where r is the AR-translation of V''{Q). Each object M in V^{Q)/F 
can be uniquely decomposed into the form: M = Mq © Pm[1] = Mq ® tPm where 
Mq G mod A and Pm is projective in mod A. Now we can extend the map X-? as in 
[CKj . see also |Hu2) by the rule: Xrp = x^^^/^^'-^^ for projective A- module and 
Xmqn = XmXn. Then we have a well-defined map 

X.:ohi{V\Q)/F)^Q{xi,--- ,a;„). 

Let Ed be the orbit space of Ed under the action of Gd . Note that all the integrals 
below are over Ed for some corresponding dimension vector d. Note also that in 
modA we have ^(7,0;) = dimHom(V^-y, Vq) and d^{j,a) — dimExt (Ky, V^). We 
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say that Pq is the projective direct summand of V^/ if V^' ~ V^, © Po and no direct 
summand of V^, is projective. 

The cluster algebra corresponding to the cluster category T>^{Q)/F is the subal- 
gebra of Q(a;i, • • ■ , a;„) generated by {Xm, Xrp\M G mod A, P G mod A is projective }. 
The following theorem gives a generalization of the cluster multiplication formula 
in [CKj . The idea of the proof follows the work |Hu2j of Hubery. 

Theorem 5.4. (1) For any A-modules V^', 1^' we have 

d\C,v')Xv,,Xv^, = f x{PExt\Vi,,V^,)v,)Xv, 

+ ( x(FHom(K,' , tV^')v, [mrV^^i, )Xv.Xv,x^'°'''> 
where E l is injective and V-y = (B Pq, Pq is the projective direct summand of 

(2) For any A-module V^' and P Cz p is projective Then 

d{p,aXv,,x^'''^'"''' ^ f x(PHom(ye,/)y.[i]e/')^y.^— 

x(PHom(P,y^0p'[i]ey.)^y.2;^'^'/™''" 
where I = DHom{P, A), and I' G l' injective, P' G p' projective. 
Proof. We set 

Si--= f _ x(PExtl(F^^V;,OyJ^y. 



By Proposition 

Si^ f x(FExti(l/e,K,0^/J.95,2;!l^+^«'-(5:+2:) 

Using Theorem 14. 131 we have 



x(PExti(l^e:K,')vj3«V 



Q,/3,5,7,5,r;,a®7=5,/3©(5=j) 



I cx,l3,5,'y,(,,r),a<Sl=£„l3®5=ri 

We come to simplify every term following |Hu2j . For fixed a, (3, 5, 7, 
/ x(P(Exti(F^,y„)y^ x^x^i\Vs,Vp)v,))^d\^,a)+d\5,P) 

J{,?7,ae7#? or 0®S=^Ti 

[ x(F(Ext V^)v, xExt Vi,)vj)g^^s9lpxll^^^^' -^^-L+sL) 

Ja,/3,(5,7,^,?),Q©774{ or /Sei^^^j) 

= / M'(7,«) + d'('5,/3)])4;5ix2«+i«'-M) 
Moreover, 

rfi (7, a) + (5, P) + die, v') - d{i, a) - d{5, /?) - (7, /?) = d^ , r,') + (<5, a) 
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Hence, 



As for the last term, consider the foUowing diagram, it may be compared with 
diagram (fTU]) ). 

(24) y V(yo,y/3;K,0 X V(l/7,l/5;y50 ^U^(^«'^'';^?'©K,') 

sending (F^i C y^,, C y^,) to [V^, ® V^, C F^, V;,,). And 

(25) Uv(ye,K,;T^e®n') ^ U V{V^,Vp-V^.)xV{V^,Vs-V^,) 

^,7] a,/3,7,(5 

sending {V^ C y^, © F^,) to {V^ f] V,y C V^>,V^/V^ f] Yr,' C y^,)- The map ji is an 
embedding and 

The fibre of j2 is isomorphic to a vector space 1^(5, a) of dimension (i((5, a) ( see 
[Hu2l CoroUary 8]). If we restrict j2 to \]^^^'^^(,,y^\ V^' © K,')- then the fibre is 
isomorphic to F(^, a) \ {0}. Under the action of C*, by Proposition [^Hl we have 



d(<5,a)4;5^,x!l«+^^'-M 

a,/3,(5,7 



Therefore, 



J Q,/3,(5,7 

There is a natural C*-action on ')loui{V^i ,TV^i)vf^[i]i®TVj!^i®io \ {0} left multipli- 
cation, the orbit space is PHom(P^^/,TV^')v^[]^]0T-y/0/g. Define 

52 / x(FHom(F,-,ry,Ov,[i]e.y4e/o)5:i,5.^,^^^+^^''+^^+^^^'-^^+2:)+d™soc/o 



where /q G i. The above definition is well-defined by Proposition 15.21 and 15.31 We 
note that 

dimsoc/o ~ (/3 + 7) = (e' - 7)i? + (77' - /3)i?' - + 77'). 
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Since llom{Vr,' ,tV^,)vi,[i]btVJ^®Io = V(rF^' © /q, Vg; K,' , rV^^'), we can apply Theo- 
rem 1321 to the fohowing diagram twice: 

(26) 




where and tV~ are the corresponding puUback and pushout. Moreover, 

(i'-7 + l + M)^+(!Z'-/3 + « + ^)-R'-(i' + :2') = (2 + (i^ + i)^' - + R) 
Hence, 



^2 



J,f3,K,.,fi,.L,l,l 



x(PHom(F^, TV^)xii]erLeio)9U9]. 



i' T.(7+A')«+(K+/3)-R'-(?'+r(') 



x(PHom(F^,ry^'))5^^5|^2:(l+H)«+M^'-(i'+V) 



Hence, 



The first assertion is proved. In order to prove the second part, by Theorem 
we have 



9l 



^,,x(FHom(Fe,/)v.[i]e/')^-^''+-^'''"-+— 



1^ x(PHom(T/^,,/)v',ji]e/')a;- 



i52 R+i'R' -£'+dimsoc7 



1'^ x(IPHom(t/j, , /))2;fe^+l:«'-i:+diffi-°=-f 



and 



7,7l>72.p' 



4',7l:72,P' 



g« -x(FHom(P,yr,)p'[i]®v,Ja:: 



-Yi fl+f'J?/-£'+dimP/rarfP 



''5':7l 

We note that 



and 



5l^^x(Mom(P, 1/- ))x21«+£«'-i'+disi^/™'^-P. 



dim sod = dim P/radP 



x(PHom(F, M)) = x(PHom(F, V^,)) + x(PHom(TA;, /)). 
The second assertion is proved. 



□ 
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5.3. We illustrate Theorem 15.41 by the following example. 

Let Q be the Kronecker quiver 1 £ 2 . Let 5*1 and £"2 be the simple modules 
associated to vertices 1 and 2, respectively. Hence, 

^=(00) ^'^(2 1! 

and 

Xs^ = 2.dimS2i?'-dimS2 _^ ^dimS^ i?^-dimS2 ^ 2;" 1 (1 + a;2 ) . 

For A e (C) , let ux be the regular representation C ^ C • Then 

= a;(ia)fl'-(i,i)+2,(i.i)fl-(i.i)+^(oa)fl+(i,o)fl'-(i,i) ^ x^x^^+x^^X2 + x^\^\ 

Let Ii and I2 be the indecomposable injective modules corresponding vertices 1 
and 2, respectively, then 

y , , •— „ dim soc(Ji 0/^) _ 
^(/ie/2)[-l] ^ ' — X1X2 

The left side of the identity of Theorem 15.41 is 

dime Ext ^(S*!, S'2)X5jXs2 = 2{Xi^X2^ + XiX2^ + X^^X2 + XiX2)- 

The first term of the right side is 



/ 



X{FExt\Si,S2)u,)Xu, = 2{X^^X2^ + XiX2^ + XI^X2). 

'A6Pi(C) 

To compute the second term of the right side, we note that for any / ^ S 
Hom(S'2, T^i), we have the following exact sequence: 

-> 52 ^ tS*! ^ /i © /2 ^ 0. 

This imphes Hom(S'2, rS"!) \ {0} = Hom(S'2, tS'i)/^®/^ Hence, the second term is 
equal to 2x1X2. 
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